On the curved surfaces of living and nonliving materials, planar excitable waves frequently exhibit directional change and subsequently undergo a topological change; that is, a series of wave dynamics from fusion, annihilation to splitting. Theoretical studies have shown that excitable planar stable waves change their topology significantly depending on the initial conditions on flat surfaces, whereas the directional-change of the waves occurs based on the geometry of curved surfaces. However, it is not clear if the geometry of curved surfaces induces this topological change. In this study, we first show the curved surface geometry-induced topological changes in a planar stable wave by numerically solving an excitable reaction-diffusion equation on a bell-shaped surface. We determined two necessary conditions for inducing topological change: the characteristic length of the curved surface (i.e., height of the bell-shaped structure) should be larger than the width of the wave and than a threshold independent of the wave width. As for the geometrical mechanism of the latter, we found that a bifurcation of the globally minimum geodesics (i.e. minimal paths) on the curved surface leads to the topological change. These conditions imply that wave topology changes can be predicted on the basis of curved surfaces, whose structure is larger than the wave width. Biochemical, neuronal, and electrical activities often show planar excitable waves traveling on the curved surfaces of eukaryotic cells, animal brains, and hearts, respectively. Although the waves are used for signal processing, there is limited understanding regarding the influence of the curved surface on wave dynamics. Through numerical simulations of a planar stable wave with excitability on a bell-shaped surface, we proved that the curved surface geometry affects the direction of the wave. Heavy bending of the wave leads to typical changes in the topology, namely, wave collision to splitting. We determined the two necessary conditions for this topological change, given the stability of the wave. The first is that the curved structure (height) should be larger than the width of the traveling wave, whereas the second is only based on the curve geometry as follows: the ratio of the height to the width of the bellshaped surface should be higher than a threshold. These imply that a planar excitable wave not only changes its topology sensitively on curved structures larger than the wave width, but also robustly maintains its shape on smaller structures. This sensitivity and robustness are relative to the wave width and may both contribute to signal processing by changing wave topology on curved surfaces.
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I. INTRODUCTION
Excitable waves resulting from chemical and electrical activities appear widely on curved surfaces, including living materials such as amoeba cells [1] [2] [3] [4] [5] [6] , animal hearts 7-9 and brains [10] [11] [12] [13] [14] [15] [16] [17] [18] . On curved surfaces, these traveling waves frequently exhibit a directional change and subsequently topological change, namely, a series of wave dynamics from collision, fusion, annihilation, splitting into two traveling waves 7, 15, 19 . Because the geometry of curved surfaces is experimentally suggested to promote the directional change 15 , thereby potentially contributing to biological signal processing 7, 12, 20 , it may further promote topological change. However, it is unknown whether the curved surface geometry induces the topological change in excitable waves, both experimentally and theoretically.
Theoretical studies on excitable planar waves on flat surfaces, performed using reactiondiffusion (RD) systems, have shown that the abovementioned topological change is general, but it strongly depends on the initial form and arrangement of the waves 21, 22 . Two planar waves traveling in opposite directions can collide causing topological change (Figs. 1(a-c) ), whereas a single wave with heavy bending does not change its topology when it is stable, which ensures to relax the wave to a planar form ( Fig. 1(d-f) ) [23] [24] [25] . In contrast, the local surface geometry (i.e. Gaussian curvature) has been numerically shown to change the direction of excitable waves, thereby promoting the bending of the wave against the stability (Fig. 1(g-i) ) [26] [27] [28] . Curved surfaces promoting the heavy bending of a wave where parts of a wave nearly collide, may lead to topological change.
However, this possibility has not been examined.
In the present study, we numerically examined whether the curved surface geometry induced topological change in a stable planar wave using an excitable RD system on a bell-shaped surface ( Fig. 1(j) ). On a steeply curved surface, we actually showed that a planar wave bent heavily.
Owing to this, it underwent the topological change. We determined the two conditions causing the topological change. As the geometrical mechanism, we found that the topological changes are accompanied with the bifurcation of the globally minimum geodesics (i.e. minimal paths) on the curved surfaces. These conditions imply that the wave topology change can be predicted on the curved surfaces only when the structures are larger than the wave width.
II. METHOD
We analyzed the dynamics of an excitable planar wave on a curved surface to explore the geometry-induced topological change and the geodesics to geometrically characterize the topological change. In this section, we introduce the RD system, curved surfaces, and their numerical methods and geodesics.
Because it is one of the simplest RD systems for representing excitable planar and stable traveling waves, we employed the FitzHugh-Nagumo equation 29, 30 :
where u and v are activator and inhibitor variables, respectively. ∆ is the Laplacian. The parameter values are set as a = 0.1, α = 0.01, and β = −0.04 for excitability at a stable fixed point, and D = 0.001 to stabilize an excitable planar traveling wave on a flat surface.
We employed a bell-shaped surface shown in Fig 1(j) , which is curved in the z-direction on a two-dimensional x-y plane represented by the following Gaussian function:
where h and σ are the height and width of the bell-shaped surface, respectively, used to tune the steepness of the curved surface. The surface becomes perfectly flat at h = 0 and steep with increasing h or decreasing σ at a nonzero h.
The simulations were performed in a rectangular region (
In this region, we discretized the curved surface (Eq. (2)) to a triangular mesh through
Poisson surface reconstruction 31 . On the triangular mesh consisting of more than 10 4 elements, we numerically solved RD equations (Eq. (1)) using the finite volume method 32 and the fourth order Runge-Kutta method with a time step dt = 0.001. As the initial condition, we set a planar traveling wave in the positive x-direction aligned to the boundary x = -3 ( Fig. 1(j) ). Because the average element size (i.e., edge length of each triangle) was set below 1/10 of the width of the traveling wave and elements with extremely small interior angles were manually removed, discretization errors were adequately reduced in our simulations.
The geodesics (i.e. minimal path) of the curved surface (light blue lines in Fig.1 (j)) were derived using the following geodesic equation 33 :
where x i and Γ i jk denote the coordinates of the curved surface and the Christoffel symbols as functions of the metric g i j , respectively:
We numerically solved the geodesic equation using the implicit Runge-Kutta method 34 with a time step of dt = 0.001 using the NDsolve function of Mathematica (Wolfram research, USA).
The initial position, direction, and velocity corresponded to those of the travelling wave in the simulations performed using the RD equation (Fig.1(j) ). The initial position was set to equispaced 601 points on −3 ≤ y ≤ 3 with x = −3 and z(x, y) (Eq. (2)). The initial unit tangential vector of the geodesic equation was aligned in the positive x direction. At the same time as the simulations using Eqs. (3) and (4), by mutually connecting the position on each geodesic, we obtained lines called isochrones (light green lines in Fig.1(j) ).
III. RESULT
A. Topological change in an excitable planar wave on a bell-shaped surface
We numerically examined whether an excitable planar wave produced using the RD equation (Eq. (1)) exhibited a topological change depending on the height h of the bell-shaped surface (Eq. (2)). On the flat surface (h = 0, Figs. 2(a-c) ), an initially planar wave traveling from a boundary in the positive x-direction ( Fig. 2(a) ) passed through the surface without changing its form, as shown in Figs. 2(b) and 2(c). Next, on a gently curved surface (Figs. 2(d-f) ), when an initially planar wave, the same as that on the flat surface, passed through ( Fig. 2(d) ), the wave slightly bent around the bell-shaped surface ( Fig. 2(e) ) but subsequently relaxed to the planar form, as shown in Fig. 2 (f). The bending of the wave is consistent with the earlier studies on the directional change of waves due to the curved surface geometry [26] [27] [28] , whereas the relaxation is supported by the stability of waves (Fig 1(d-f) ) 23, 24 .
By contrast, on a steeply curved surface (Figs. 2(g-i) ), when an initially planar wave passed through ( Fig. 2(g) ), the wave bent very heavily around the bell-shaped surface. Owing to this, it subsequently exhibited the typical topology change: collision ( Fig. 2(h) ), partial annihilation, and splitting into two traveling waves (with circular and planar shapes, respectively, as shown in Fig. 2(i) ). Notably, this topological change is the same as that on flat surfaces, whereas the cause of the wave collision is different: heavy bending of a single wave on the curved surface and opposite traveling directions of two waves on a flat surface (Figs. 1(a-c) ). As wave collision is a precursor for this topological change and is visually distinguishable (Fig. 2(h) ), hereafter we identity the topological change with the wave collision. To the best of our knowledge, this study is the first to demonstrate the topological change in a planar, stable, and excitable wave induced by a curved surface geometry.
B. Conditions of curved surface geometry for wave topology change
We determined the presence or absence of wave topology change based on this wave collision ( Fig. 2(h) ) in the parameter space of the bell-shaped surface, i.e., the width σ and height h. When h was smaller than a threshold that was close to the width of the wave (l wave ∼ 0.8, the dashed line in Fig. 3(a) ), no topological change, including collision and splitting, occurred. A traveling wave completely covered the bell-shaped surface from the center to the periphery during its passage, and it maintained its planar shape, supported by the wave stability even after the passage (Fig. 3(b) ).
By contrast, when h was greater than the wave width, topology changes depended only on the geometrical parameters (the dotted line in Fig. 3 ). As h/σ decreased toward a threshold (∼ 4.5), the position of wave collision shifted from the periphery of bell-shaped surface to the center (Fig. 3(c), 3(d) ), whereas the topological change did not occur below the threshold (Fig. 3(a) ).
Considering these two results, the wave maintains its planar shape when the curved structure of the surface (i.e., height) is smaller than the wave width (h l wave ) or less steeper (h/σ 4.5), whereas the wave topology changes on a curved structure, which is both larger than the wave width (h l wave ) and steeper (h/σ 4.5).
C. The excitable planar wave on curved surfaces follows the isochrone of geodesics before the topological change
To geometrically characterize the latter condition (h/σ 4.5), we compared the spatiotemporal evolution of the wave form with the isochrones of the geodesics. Because excitable waves travel at a constant velocity on flat surfaces 24 , we first examined if the velocity was constant on the bell-shaped surface as well. The isochrones of geodesics sufficiently agreed with the shape of the traveling wave at each time point (light green lines in Fig.4(a-c) ,(e-g)), confirming that the wave velocity was constant even on a curved surface and the directional change followed the geodesics (light blue lines in Fig.4 ). This result is consistent with a recent numerical comparison of excitable traveling spots with the geodesics of a curved surface 35 . This results were consistent for all regions except for those where the wave relaxed from a V-shape owing to the stability in the absence of topological change (around yellow line in Fig.4(d) , h/σ < 4.5), and the wave collided leading to the topological change in the presence (around yellow lines in Fig.4(h) , h/σ > 4.5). In these regions, a pair of geodesics intersects y = 0, suggesting their potential role as indicators of topological change.
The pair of geodesics intersects in the wave collision region (yellow lines in Fig.4(g) ) before the other geodesics intersect y = 0. This indicates that the geodesic distance from the initial position (defined as y = ±y c = 0) to the wave collision position is shorter than that from the initial position (y = 0) to the center of bell shape, given the constant wave velocity on the curved surface. By contrast, in the absence of a topological change, the geodesics intersect near the center earlier than at the periphery (yellow line in Fig.4(c,d) ; see also Fig.1(j) ). That is, the geodesic distance from the initial position (y = 0) to the center was rather shorter than that from the initial position (y = 0)
to the intersection at y = 0. Therefore, the intersection of geodesics indicates not only the wave collision position, but also the difference on the distance between the presence and the absence of topological change.
D. Bifurcation of globally minimum geodesics of curved surfaces causing the wave topology change
We quantitatively evaluated the difference by measuring the geodesic distance from each initial position to the intersection position ( Fig.5(a) ). In the absence of a topological change, the distance mostly monotonically increased as the distance of the initial position from the x-axis increased (blue and yellow lines in Fig.5(a) ), indicating that the geodesic along the x-axis is the global minimum (yellow line in Fig.4(c) ). By contrast, in the presence of a topological change, the geodesics became the globally minimum distance at the initial position of y = ±y c (green and red lines in Fig.5(a) ) where they intersected at the wave collision position (yellow lines in Fig.4(g) ).
Therefore, the globally minimum geodesics predict the wave collision position above the threshold and transition between the absence and presence of the topological change. This transition of globally minimum geodesics summarizes the difference of geodesics (yellow line in Fig.4 (c) and (g); Fig.5(a) ).
To clarify the bifurcation resulting in the transition, we analyzed the behaviors of the global minima of geodesic distances and the local minima and maxima depending on h/σ (Fig.5(a) ).
As h/σ decreased, the initial positions taking the global minimum (i.e. y = ±y c ) decreased continuously (green and red in Fig.5(a) )) and switched discontinuously from y = ±y c = 0 to y = 0 (green and yellow lines in Fig.5(a) ). This is because the branches of non-zero initial positions transitioned from the global minima to the local minima (h/σ ∼ 4.25 in Fig.5(b) ) near the the threshold of topological change (h/σ ∼ 4.5) and subsequently annihilated with the branches of the local maxima showing the saddle-node bifurcation (h/σ ∼ 3.5 in Fig.5(b) ). As long as the wave topology changes, the intersection position of geodesics, as predicted, agrees with the wave collision position in the RD system at the global minimum (Fig.5(c) ). Therefore, the saddle-node bifurcation on the geodesic distance leads to the wave topology change.
IV. DISCUSSION

A. Summary of results
In this study, the typical wave topology change was induced by a bell-shaped surfaces (Fig.2(gi) ). We identified two conditions that govern this topological change based on the curved surface geometry and the wave width (Fig.3) . The first condition is that the curved structure (height of Gaussian function) should be larger than the width of the traveling wave. Otherwise, the stability of the travelling wave 24 ensures that its planar shape is maintained on curved surface structures smaller than the wave width. The second condition is only based on the geometrical parameters, i.e., the ratio of the height h to the width σ of the Gaussian function. On a steeply curved surface, above the threshold of h/σ , the geodesics predicted the spatiotemporal evolution of a planar wave; therefore, the position of wave collision lead to the topology change where the globally shortest geodesics intersect each other (Fig.4) . In addition, at the threshold, a discontinuous switching of the global minimum geodesics due to a saddle-node bifurcation causes the topological change (Fig.5) . Thus, the geodesics provide two characteristic mechanisms regarding the second condition: (1) mutual intersection of geodesics at the wave collision position (Fig.4) and (2) the bifurcation of the globally minimum geodesics near the threshold of topological change (Fig.5 ).
These conditions and mechanisms indicate that the wave topology can be adequately changed by designing the curved surfaces, instead of designing the rigid initial condition on a flat surface ( Fig. 1(a-c) ).
B. Model limitation and future problems
As this wave topology change widely appears on a flat surface, irrespective of the model details,
given the stability of excitable waves, the curved-surface-geometry-induced topological change could also widely appear. Future studies regarding the two characteristic mechanisms of geodesics should clarify the limits and applicability to other differentiable surfaces; asymmetric Gaussian functions (e.g. different widths σ in x-and y-axis), multiple peaks, multivalent functions such as overhanging and/or closed surfaces, and so on, which are typically observed on living and nonliving materials, should be studied. For a planar wave losing its stability and spontaneously splitting without wave collision even on flat surfaces (e.g., in an exothermic equation with excitability) 21, 22 , it would be interesting to examine the effect of wave instability on the curved-surface-geometry-8 induced topological change.
C. Potential functional significance
Given the wave stability, the present geometrical mechanism is such that a planar excitable wave not only changes its topology sensitively on structures larger than the wave width on a curved surface, but it also maintains its shape robustly on smaller structures. Considering that the wave width is approximately 5µm in eukaryotic cells 1 and 2mm in animal brains 15 , a planar stable wave robustly maintains its planar shape on surface structures (e.g., on the order of sub µm on cells and sub mm on brains) smaller than the wave width, whereas it can undergo heavy bending on larger structures, thereby changing its topology. Such robustness and sensitivity toward curved structures relative to wave width may contribute to the control of wave topology on living and nonliving material surfaces.
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